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I. INTRODUCTION 

In classical data transmission, repeaters are used to 
amplify the data signals (bits) when they become weaker 
during their propagation. In long-distance optical-fiber 
systems, for instance, repeaters are used to compen- 
sate for the intensity losses caused by scattering and 
absorption of light pulses propagating along the fibre. 
In contrast to classical information, the above procedure 
is impossible to realize when the transmitted data sig- 
nals carry bits of quantum information (qubits). In an 
optical-fiber system, a qubit can be encoded into a sin- 
gle photon which cannot be amplified or cloned without 
destroying quantum coherence associated with this qubit 
[Illjj. Therefore, the photon has to propagate along the 
entire length of the fiber which causes an exponentially 
decreasing probability to detect this photon at the end 
of the channel. 

To avoid the exponential decay of a photon wave- 
packet and preserve its quantum coherence, the concept 
of a quantum repeater was proposed [3 . According to 
this concept, a large set of entangled photon pairs is 
distributed over sufficiently short fiber segments. The 
two protocols (i) entanglement purification [H |5j and 
(ii) entanglement swapping [6 are employed to extend 
the short-distance entangled photon pairs over the entire 
length of the channel. With the help of entanglement 
swapping, two entangled pairs of neighboring segments 
are combined into one entangled pair, gradually increas- 
ing the distance of shared entanglement. The entangle- 
ment purification enables one to distill high-fidelity en- 
tangled pairs from a larger set of low-fidelity entangled 
pairs by means of local operations performed in each of 
the repeater nodes and classical communication between 
these nodes. The resulting entangled photon pair dis- 
tributed between the end points of the photonic channel 
can then be used for quantum teleportation or quan- 
tum key distribution [8]. 



* denis.gonta@mpl.mpg.de 
"f" peter.vanloock@mpl.mpg.de 



Owing to the fragile nature of quantum correlations 
and inevitable photon loss in the transmission chan- 
nel, it still poses a serious challenge for experimental- 
ists to outperform the direct transmission of photons 
along the fiber. Up to now, only individual building 
blocks of a quantum repeater have been experimentally 
demonstrated including bipartite entanglement purifica- 
tion [9l [To], entanglement swapping [iTJ [12], and en- 
tanglement distribution between two neighboring nodes 
[131 [14]. Nevertheless, motivated both by the impressive 
experimental progress and theoretical advances, various 
revised and improved implementations of repeaters or its 
building-blocks have been proposed p!5ti28] . 

Practical schemes for implementing a quantum re- 
peater are not straightforward. The two mentioned 
protocols, entanglement purification and entanglement 
swapping, require feasible and reliable quantum logic, 
such as single- and two-qubit gates. Due to its complex- 
ity and high demand of physical resources, entanglement 
purification is the most delicate and cumbersome part of 
a quantum repeater. 

In one of the purification protocols [5 , two repeater 
nodes A and B share a finite set of low-fidelity entangled 
pairs grouped into elementary blocks of two qubit pairs 
as displayed in Fig.jlja). Each entangled pair is given by 
the Werner state [29| 

Pj"" = f^AB+^-^ {^B + + , (1) 

being diagonal in the usual Bell basis, with = 
I0ab)(^^bI> *ab = I^^bX^^bI- The fidelity 

¥{pf)^T,[^\^pf]=f>0.b (2) 

is assumed to be above the threshold value of 1/2. Both 
qubit pairs (from each elementary block) are assumed 
to interact locally, i.e., such that the interaction occurs 
only within one single repeater node (A and B) as indi- 
cated by grey ellipses in Fig. [TJa). More specifically, the 
qubit pairs 1a — 2^ and 1b — 2b are first rotated with 
help of single-qubit gates U± = ^(/ ± Zcr^^), with the 
usual Pauli operators, and afterwards interact by means 
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FIG. 2. (Color online) (a) Sequence of steps for the proposed 
purification scheme using a single elementary block containing 
three low- fidelity entangled pairs. See text for description, (b) 
Quantum circuit that corresponds to the interaction depicted 
above by grey ellipses. 
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FIG. 1. (Color online) (a) Sequence of steps for the conven- 
tional purification protocol described in the text. In the upper 
part, repeater nodes A and B share a set of low-fidelity entan- 
gled pairs grouped into elementary blocks of four qubits, and 
the grey ellipses indicate local interactions occurring within 
each repeater node. In the middle part, one qubit pair (in- 
side each elementary block) is projectively measured and the 
results are compared with a predefined outcome. In the lower 
part, all successfully purified qubit pairs are collected and the 
purification takes place one more time, (b) Quantum circuit 
that corresponds to the interaction indicated above by grey 
ellipses. See description of gates in the text. 



of CNOT gates as shown in Fig. [TJb). By means of the 
latter gate, qubit 1a (1b) acts as control qubit and qubit 
2a (2b) as target qubit. While the control qubit does 
not change its state under the CNOT gate, the target 
qubit is flipped once the control qubit is set to the excited 
state. In order to simplify our further discussions, the en- 
tire sequence of quantum gates indicated by grey ellipses 
shall be referred to below as the purification gate. After 
the purification gate is performed, qubits 2a and 2b are 
projected on the computational basis {|0), |1)} and the 
outcome of these projections is exchanged between the 
two nodes by means of classical communication [see the 
middle part of Fig. [ija)]. 

Entanglement purification is successful if the outcome 
of projections reads {0,0} or {1,1} for qubits 2a and 



2^. In this case, the (unmeasured) qubit pair 1a — 1b is 
described by the Bell-diagonal density operator ps that 
implies the fidelity (we drop super- and subscripts AB) 



F(p,)=Tr[$+p,] 



l_2/ + 10/2 
5-4/ + 8/2 



(3) 



such that F{ps) > F(pj) for any / > 0.5. The entangle- 
ment purification is unsuccessful if the mentioned out- 
come of projections reads {0, 1} or {1,0} and the qubit 
pair 1^ — 1^ must be discarded. Successfully purified 
pairs, in contrast, are collected from all blocks in order 
to carry out the next purification round as illustrated in 
the lower part of Fig. [ija). At every purification round, 
high-fidelity entangled pairs are distilled from a larger set 
of low-fidelity pairs and the described procedure can be 
straightforwardly extended to more subsequent purifica- 
tion rounds once a sufficient amount of elementary blocks 
is provided at the input. 

Obviously, any practical purification scheme has to 
be resource-efficient and involve experimentally feasible 
qubit operations. The above purification protocol, how- 
ever, involves cumbersome CNOT gates which pose a se- 
rious challenge for most physical realizations of qubits, 
involving complicated pulse sequences along with super- 
fluous qubit operations [10" '3Q'-'34^. In the current work, 
we present a more practical bipartite puriflcation scheme 
that exploits the natural dynamics of spin chains and can 
be straightforwardly realized in the framework of cavity 
QED. In contrast to conventional puriflcation protocols 
(such as described above), in our puriflcation scheme, 
(i) each elementary block contains three qubit pairs as 
displayed in Fig. |2|a), (ii) single-qubit U± rotations to- 
gether with CNOT gates are replaced by Heisenberg XY 
interactions as shown in Fig. [2|b), and (iii) two qubit 
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pairs from each elementary block are measured out after 
the interaction [see the right part of Fig.[2|a)]. Entangle- 
ment purification is successful if the combined outcome of 
the projections coincides with a predefined outcome that 
is de termined by the Heisenberg XY model (see Section 
IIC). 



(a) 



Although we increase the number of qubit pairs inside 
each elementary block in our scheme, in every purifica- 
tion gate we avoid the direct use of CNOT gates together 
with single-qubit rotations and hence the need for compli- 
cated pulse sequences and extra qubit operations. The 
interaction based on the Heisenberg XY model, more- 
over, describes the natural dynamics of spin chains that 
is characteristic for many physical realizations of qubits. 
It can be deterministically obtained in the framework of 
cavity QED by using short chains of atoms coupled to 
the same cavity mode of a high-finesse optical resonator 
(see Refs. [32", "SF for the simplest case with two atoms). 

In the present work, we develop an experimentally fea- 
sible purification scheme which exploits: (i) a cavity- 
mediated interaction between atoms that produces a 
Heisenberg XY type evolution, and (ii) the destructive 
and non-destructive detection of atomic states enabling 
us to restore the initial fidelities in the case of unsuc- 
cessful purification. This results in a more resource- and 
time-efficient protocol if compared with conventional ap- 
proaches. Following the recent developments in cavity 
QED, moreover, we briefly point to and discuss a few 
practical issues related with the implementation of our 
purification scheme and the main limitations which may 
arise on the experimental side. By combining our purifi- 
cation scheme with entanglement distribution and swap- 
ping protocols, a reasonably practical implementation of 
resource- and time-efficient quantum repeaters for long- 
distance quantum communication using chains of atoms 
and optical resonators may be possible. 

The paper is organized as follows. In the next section, 
we first outline our purification scheme. We analyze the 
atomic evolution that is mediated by the cavity field in 
subsection II. A. In subsection II. B, we derive the effective 
Hamiltonian that governs this evolution and we identify 
it with the Heisenberg XY model. In subsection II. C, 
we apply the dynamics of the derived Hamiltonian to 
our purification scheme and determine the main proper- 
ties which are relevant for our scheme. In subsections 
II. D - II. E, we discuss several issues which follow from 
the analysis performed in the preceding subsections and 
which are crucial for our purification scheme. We dis- 
cuss a few practical issues related to the implementation 
of our purification scheme in section HI, while a short 
summary and outlook are given in section IV. 
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FIG. 3. (Color online) (a) Scheme of an experimental setup 
that realizes the proposed purification scheme and is incorpo- 
rated into a quantum repeater segment with two neighboring 
nodes. See text for description of components, (b) Detailed 
view of the purification block that is indicated by a rectan- 
gle in the above experimental setup. In the upper and lower 
parts of this figure a magnification of side {y — z plane) and 
top {x — z plane) views are shown, respectively. See text for 
description, (c) Structure of three-level atom in the A-type 
configuration. 



II. PURIFICATION PROTOCOL WITHOUT 
CNOT GATES 

The main physical resources of our purification scheme 
are: (i) chains of atoms, (ii) high-finesse optical cavi- 



ties, and (iii) two types of detectors for the destructive 
and non-destructive measurement of atomic states. In 
Fig. [sj^a) we show a scheme of the proposed quantum re- 
peater segment including two neighboring nodes (A and 
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FIG. 4. (Color online) Sequence of steps for the modified entanglement purification scheme that fits the experimental setup 
from Fig. [3] and which utilizes one single elementary block. This block contains three entangled qubit pairs: (i) one permanent 
qubit pair that encodes the distilled qubits and (ii) two temporary qubit pairs which are employed to increase the entanglement 
fidelity of the permanent pair. See text for detailed description. 



B) and combining entanglement purification and distri- 
bution protocols in a single experimental setup. In this 
setup, each repeater node consists of one optical cavity 
Ci {C2) acting along the y-axis, a laser beam Li (I/4), a 
chain of atoms transported by means of an optical lattice 
along the along the z-axis, one stationary atom trapped 
inside the cavity with the help of a vertical lattice, laser 
beams L2 (I/5) and I/3 {Lq) which act along the ?/-axis, 
a magneto-optical trap (MOT), a detector Di {D2) con- 
nected to the neighboring node through a classical com- 
munication channel, and a CCD camera. First we shall 
connect the purification scheme introduced in the previ- 
ous section with the experimental setup from Fig. [sja) 
to clarify the role of each element. 

Obviously, the sequence of steps in Fig. [l] with an ele- 
mentary block displayed in Fig. |2] cannot be directly ap- 
plied to our experimental setup since it would require one 
individual cavity for each elementary block and, there- 
fore, an unreasonable demand of physical resources. In- 
stead, we shall consider a modified sequence that is il- 
lustrated in Fig. [4] which perfectly fits into our proposed 
experimental setup. By this sequence, repeater nodes 
A and B share only one elementary block in which the 
qubit pair Pa — Pb is a permanent pair and the other 
two pairs are introduced in the block temporarily in a 
successive fashion. Initially, there is only one perma- 
nent pair in the block that is characterized by the fidelity 
F(po) > 1/2 and supplemented by two extra temporary 
pairs 1a — and 2a — 2^, both characterized by the 
fidelity F{pf) > 1/2. Using these three qubit pairs, the 
sequence displayed in Fig. [2] can now be applied and in 
the case of successful purification, the increased fidelity 
F(pi) of pair Pa — Pb, with F(pi) > F(po), is obtained. 
After the projected pairs l^i — 1^ and 2^— 2^ are replaced 
with two fresh entangled pairs 3^ — 3^ and 4 a — 4^, the 
purification steps are repeated. 

While the permanent qubit pair encodes the distilled 



entangled qubit pair and stores it for the subsequent pu- 
rification rounds, temporary qubit pairs are used to in- 
crease gradually the fidelity of the permanent pair. Be- 
low we shall associate permanent qubits with station- 
ary atoms trapped inside cavities Ci and C2 and tem- 
porary qubits with atoms in the chain, inserted into 
the horizontal lattices and transported along the z-axis 
[see Fig. Isja)]. According to our experimental setup, 
this identification implies that atoms pass sequentially 
through the cavity and only two atoms from the chain can 
couple simultaneously to the same cavity mode. These 
two atoms together with the stationary (trapped) atom, 
therefore, provide an atomic triplet in each repeater node 
as required for our purification scheme. 

Right before each atom from node A enters the cav- 
ity, it becomes entangled with the respective atom from 
node B as depicted in Fig. [3]^ a) by wavy lines, such that 
each entangled pair is described by Eqs. ([T])-([2|. This 
entanglement is generated (non-locally) by means of an 
entanglement distribution block, indicated in Fig. [sja) 
by a rectangle. This entanglement distribution may be 
realized in various ways [26^, '36^, '3T , where our purifica- 
tion protocol here does not depend on any specific choice 
for the entanglement distribution. During the transition 
of an atomic pair through the cavity, the triplet of atoms 
undergoes a cavity-mediated (Heisenberg XY) evolution 
in each of the repeater nodes, which shall be referred to 
below as the (new) purification gate. According to the 
sequence in Fig.[4j furthermore, the purification sequence 
is completed once the states of a (conveyed) atomic pair 
are measured and the outcome of projections is pairwise 
exchanged between the repeater nodes in order to decide 
if the purification was successful or not. 

In our experimental scheme, the latter projections are 
performed by means of a laser beam L3 (Lq) and a CCD 
camera in each of the repeater nodes as displayed in 
Fig.jsj^a). While the laser beam L3 {Lq) removes atoms in 
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a given quantum state from the chain without affecting 
atoms in the other state (so-cahed push-out technique 
[38]), the CCD camera is used to detect the presence 
of remaining atoms via fluorescence imaging and deter- 
mine, therefore, the state of each atom that leaves the 
cavity. Apparently, such measurements of atomic states 
are destructive and, being performed outside the cavity, 
detected atoms cannot interact anymore with the station- 
ary atom. Assuming that the purification was successful, 
the next atomic pair from the chain enters the cavity (in 
each repeater node) and the next purification round oc- 
curs with the same stationary atom (permanent qubit). 

In the unsuccessful case, however, the stationary atoms 
should be re-initialized and the entire sequence from 
Fig. [4] should be re-started which, in turn, demands a 
high amount of atomic pairs in the chain and requires 
unreasonable operational times of the entire purification 
protocol. In order to avoid these potential bottlenecks 
and perform entanglement purification in a resource- and 
time-efficient way, we exploit: (i) periodicity of cavity- 
mediated evolution and (ii) both destructive and non- 
destructive state measurements of atoms in the chain. 
These features and detection techniques enable us to re- 
store the initial fidelity of the permanent qubit pair in 
the case of an unsuccessful purification event. 

Our approach is as follows. We set velocity of the 
atomic chain such that the transition time of atoms 
through the cavity is higher than the operational time 
required for one single purification gate. After an atomic 
pair enters the cavity and undergoes (together with the 
stationary atom) one purification gate, the atomic pair 
is still located inside the cavity. Now instead of destruc- 
tive measurements of atomic states outside the cavity 
as above, we probe atomic states inside the cavity by 
means of non-destructive state measurements which are 
based on cavity transmission techniques (see below). By 
exchanging the outcome of these measurements between 
both repeater nodes, the state of the atomic triplet can 
be restored to its initial product state in the case of an 
unsuccessful purification event. 

The restoration is realized by switching on the cavity- 
mediated (Heisenberg XY) evolution once more after 
the purification gate and non-destructive measurements. 
The duration of this evolution, moreover, is adjusted such 
that the quantum state of the atomic triplet completes 
one period of evolution and returns to its initial state, i.e., 
the state of the atomic triplet before the interaction of 
the stationary atom with the conveyed atomic pair. This 
auxiliary evolution restores the initial state of stationary 
atoms in each of the repeater nodes and, as a conse- 
quence, the entanglement fidelity that has been obtained 
in the previous (successful) purification round. With help 
of such state non-destructive measurements and one con- 
ditional cavity-mediated evolution, therefore, the entan- 
glement fidelity of stationary atoms either increases due 
to successful purification or remains unchanged due to 
unsuccessful purification. 

In our experimental setup, the cavity- mediated evo- 



lution of atoms is controlled by using short resonant 
pulses produced by laser beams Li and L4 in the re- 
peater nodes A and B, respectively. These pulses trans- 
fer the electronic population of atoms from an auxiliary 
atomic state to the excited (or backwards) such that the 
atoms couple to (or decouple from) the cavity field in 
a controlled fashion. Non-destructive measurements of 
atomic states, furthermore, are performed with help of a 
(probe) laser beam L2 (^5), which is tuned to the cavity 
resonant frequency, and detector Di {D2) that monitors 
the transmission of this probe laser. The idea of state 
non-destructive measurements is based on the suppres- 
sion of cavity transmission that arises due to the strong 
atom-cavity coupling (see, for instance, Refs. [39l l4Q] ) 
and which, in turn, enables various state non-destructive 
detection schemes which we are going to discuss briefly 



in Sect. |III[ Regardless of the outcome of non-destructive 
measurements, each atomic pair is detected by means of a 
laser beam L3 (Lq) and a CCD camera once it leaves the 
cavity. This (state-destructive) projection is essential to 
complete the purification protocol in the case of success- 
ful distillation, but also to discard inconclusive outcomes 
of non-destructive measurements. 



A. Evolution of atoms due to cavity- mediated 
interaction 



We recall that each repeater node disposes N atomic 
pairs inserted into an optical lattice such that atoms 
within one pair are separated by a distance d and the 
distance between two neighboring pairs is adjusted such 
that only one atomic pair can be coupled simultaneously 
to the same cavity mode [see Fig.jsjb)]. The entire chain 
is conveyed with a constant velocity v along the 2:-axis 
such that their position vectors r^(t) = {0, 0, -\- vt} 
cross the cavity at the anti-node {y = 0) and where 
denotes the initial position of the i-th atom outside the 
cavity. Both velocity v and inter-atomic distance d can 
be controlled experimentally by adjusting the shift in the 
frequencies of the two counter-propagating laser beams 
and by selecting a proper wavelength of the optical lat- 
tice, respectively |4T] . 

Apart from N atomic pairs, moreover, each repeater 
node contains one stationary atom trapped inside the 
cavity by a lattice acting along the y-axis. As displayed 
in Fig.jsj^b), the position vector fg = {0, £} of this atom 
crosses the cavity at the anti-node {y = £) and is located 
in the same y — z plane as the atomic chain. Each atom in 
our setup is a three-level atom in the A-type configuration 
as displayed in Fig.jsj^c) encoding a single qubit by means 
of states |0) and In order to protect the qubit against 
decoherence caused by the fast-decaying excited state |e), 
the states |0) and |1) are (typically) understood as stable 
ground and long-living metastable states or two hyperfine 
levels of the ground state. 

We recall, furthermore, that the purification gate from 
Fig. [2] is based on the Heisenberg XY interaction that is 



6 



produced deterministically by coupling two-level atoms 
to the same mode of a high-finesse resonator in our 
scheme. Due to the encoding scheme from Fig.jsj^c), how- 
ever, the detuned optical cavity is coupled to the atomic 
transition |0) ^ |e), while the atomic qubit is stored by 
means of states |0) and |1). In order to couple the atomic 
qubit to the cavity, therefore, an intermediate excitation 
coupled to the |1) ^ |e) transition is further required 
in order to transfer coherently the electronic population 
of atoms from the qubit-storage states {|0), |1)} to the 
cavity-active states {|0), |e)}. For this reason, the laser 
beam Li (I/4) is introduced in our experimental setup 
and coupled resonantly to the |1) ^ |e) transition. 

Right after the atomic pair is loaded into the cavity, 
this laser beam is switched on for a short time period that 
is equivalent to a 7r/2 Rabi pulse. Under the action of this 
pulse, the laser field couples simultaneously to the atomic 
triplet (atomic pair from the chain and stationary atom) 
and transfers coherently the electronic population of each 
atom from the qubit-storage to cavity-active states. This 
coherent transfer, in turn, couples the atomic triplet to 
the cavity and activates the cavity-mediated evolution 
within this atomic triplet. In the same fashion, one addi- 
tional laser pulse applied after the operational time that 
is required for the purification gate, transfers coherently 
the atomic population from the cavity-active to qubit- 
storage states backwards and stops the cavity-mediated 
evolution. By switching appropriately on and off the laser 
beam Li therefore, we can precisely control the du- 

ration of the cavity-mediated evolution once the atomic 
pair is conveyed into the the cavity. 

Before we turn to the Hamiltonian that governs the 
evolution of atoms coupled to the same cavity mode, it is 
important to explain the mechanism of cavity-mediated 
evolution of an atomic triplet. Let us consider, for in- 
stance, three atoms prepared initially in the product 
state: |ei, 02,03), where the subscripts 1 and 2 corre- 
spond to the atomic pair from the chain with position 
vectors ri{t) and r2(^), respectively, while the subscript 
3 corresponds to the stationary atom with position vec- 
tor fs = Vs- In this case, composite atomic states evolve 
according to the sequences: 

^ 101,62,03; 0) 

|ei,02,03;0)^ 101,02,03; 1)( , (4) 

^ 101,02,63; 0) 

if there were initially no photons in the cavity. 

The middle part of the above sequence describes the 
cavity- mediated interaction between the atoms realized 
by means of a single-photon exchange. In order to avoid 
the (fast decaying) cavity-excited state |0i, 02,03; 1) and 
ensure that the cavity remains (almost) unpopulated dur- 
ing the entire evolution, we require a rather large detun- 
ing between the atomic |0) ^ \ei) transition and the 
resonant frequency of the cavity field 

I (cj£; -cjo) -^1 >^(n), i = l,2,3 , (5) 



where uu is the resonant frequency of the cavity field and 

g{r) = go exp [-(z^ + x'^)/w'^] (6) 

is the (position-dependent) atom-cavity coupling [? ]. 
This position-dependence is caused by the variation of 
the transversal cavity field along atomic trajectories, 
where go denotes the vacuum Rabi frequency and w is 
the cavity field waist as seen in Fig. |3jb). 

With help of condition ([5|, the sequence Q reduces to 
the effective sequence 

101,62,03) 

|ei,02,03)( , (7) 

^101,02,63) 

where the (fast decaying) cavity-excited state has been 
omitted. By composing effective sequences for the re- 
maining (three-qubit) product states, we conclude that 
this evolution preserves the number of excitations in 
the system and all composite atomic states can be di- 
vided in four decoupled (non-overlapping) sub- spaces: 
(i) 101,02,03), (ii) |6i, 02,03), 101,62,03), 101,02,63), (iii) 
161,62,03), 101,62,63), 161,02,63), and (iv) 161,62,63). 
This conclusion implies, moreover, that the states from 
groups (i) and (iv) remain trapped with regard to the 
cavity-mediated evolution. 

B. Effective Hamiltonian associated with the 
cavity- mediated evolution 

While the effective sequence ^ displays the cavity- 
mediated evolution of three atoms, we still have to ana- 
lyze this evolution quantitatively in order to understand 
how to control it in practice. For this purpose, we shall 
adiabatically eliminate the intermediate state which we 
omitted in the effective sequence and shall derive an ef- 
fective Hamiltonian that governs the evolution associated 
with this sequence. For three identical atoms which are 
coupled simultaneously to the same cavity mode, the evo- 
lution of the combined triplet-cavity system is governed 
by the Jaynes-Cummings Hamiltonia 

3 

Hjc{t) = -HAa"^ a - Lh'^ gk{t) (^aaj - a"^ a/e) . (8) 

k=l 

In this Hamiltonian, a and denote the annihilation and 
creation operators for a cavity photon that acts upon the 
Fock states |n), while = \0)i{e\ and aj = \e)i{0\ are 
the atomic lowering and raising operators, respectively. 
Moreover, A = {uje — ojq) — uj refers to the detuning as 
displayed in Fig. [sjc) and the atom-cavity couplings 

gi{t) = g{u) = go exp [-{z^ -^vtf/w^] , i = 1, 2 , 
gs{t) = g{fs) = go exp [-f/w^] , (9) 

have been introduced, such that 1^1—^2! — ^' The time 
evolution governed by this Hamiltonian, furthermore, is 
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described by the Schrodinger equation 

d\m) 



i h - 



dt 



(10) 



As we explained above, all composite atomic states are 
divided in four decoupled sub-spaces such that evolution 
(10) preserves the number of excitations in the system. 



Therefore, we can consider one particular ansatz for the 
wave-function 

IV^(t)) =co(t)|Oi, 02,03; l)+ci(t)|ei, 02,03; 0) 

+ C2(t) 101,62,03; 0)+C3(t) 101,02,63; 0), (11) 

that is based on sequence Q. In the above ansatz, we 
assume that co(t), . . . , cs{t) are the complex and normal- 
ized amplitudes, such that co(0) = 0. Using ansatz (11), 



the Schrodinger equation ( |10[ ) gives rise to the closed sys- 
tem of equations 

3 

LCo{t) = -Aco{t)^L^gk{t)ck{t), (12a) 



k=l 



Ci{t) = -gi{t)co{t), z = l,2,3 , 



(12b) 



which describes the evolution of the coupled atoms-cavity 
system that is governed by the Hamiltonian (|8|, and 
where dot denotes the time derivative. 

According to the sequence ([7|, the state |0i, 02,03; I), 
remains (almost) unpopulated once the atom-cavity de- 
tuning is chosen properly [see Eq. ([5|]. In order to sepa- 
rate the evolution of unpopulated states from Eqs. (12), 



we apply the adiabatic elimination procedure which as- 
sumes an adiabatic behavior of the amplitudes co{t) and, 
hence, to a good approximation vanishing of its time 
derivatives (see, for instance, Ref. 02). We exploit this 
derivative co{t) = and obtain with help of Eq. ( 12a ) an 
equation for co{t) which we insert into Eq. (12b). The 
remaining three effective equations. 



9k(t)gj(t) 



lit). 



(13) 



describe only the amplitudes Ci(t), 62 (t), 63 (t) which cor- 
respond to the states |6i, 02,03), |0i, 62,03), |0i, 02,63), 
respectively. 



Above equations which we derived from Eqs. (12) by 
using the adiabatic elimination procedure, in turn, can 
be derived directly from the Schrodinger equation 



d\m) 

dt 



H{t) m) ^ 



|(/)(t)) =Ci(t)|6i,02, 03)+C2(t)|0i, 62, 03)+C3(t)|0i, 02,63), 

associated with the effective Hamiltonian 



H{t) = hj2^-^\e)k{e\+H{t), 



k = l 

3 



Hit) = hJ2 



A 

9i{t)gjit) 



(15) 
(16) 



describing the evolution due to the effective sequence ^ , 
and where H{t) is the dipole-dipole interaction that de- 
scribes the cavity-mediated energy exchange between the 
atoms. As a summary, we have shown that the evolution 
of an atomic triplet coupled to the detuned cavity field 
is reduced to the evolution of atoms which interact via 
single-photon exchange in such a manner that the cavity- 
excited state remains (almost) unpopulated. 

The Hamiltonian (fTsl) is complicated to handle ana- 
lytically since it contains time-dependent (atom-cavity) 
couplings ([9]). In order to simplify our further analysis 
and approximate reasonably well the evolution given by 
the Hamiltonian (15), we calculate first the mean values 



of atom-cavity couplings and consider these instead of 
the time-dependent couplings in the above Hamiltonian. 
In order to proceed, we assume that the atomic triplet 
interacts with the cavity field during the entire transition 
time, in which the atomic pair is conveyed through the 
(waist region w of the) cavity field. We note, moreover, 
that the first term in the Hamiltonian (15) doesn't con- 



tribute to the cavity-mediated energy exchange between 
the atoms that is essential for our protocol. Therefore, 
we ignore this term while calculating the mean values of 
atom-cavity couplings and we integrate the Eq. (14) with 
H{t) being replaced by H{t) 



I h 



dm)) 

dt 



(17) 



To a good approximation, the commutator [H{ti)^ ^(^2)] 
vanishes for all ti and ^2 because of a rather large detun- 
ing A in the denominator of Eq. (16) as compared to 



the quadratic atom-cavity coupling in the nominator [see 
Eq. ([5|]. In a high-finesse cavity, moreover, the Gaus- 
sian envelope (|9| describes quite well the strength of the 
atom-cavity coupling and, therefore, we can safely inte- 
grate Eq. (pTl) from t ^ —00 to t ^ +00 



U (00) = exp 



H{t) dt 



exp 



- — i^oo t^ 



(18) 

where t' = ^w/v is the effective interaction time, and 
the asymptotic Hamiltonian Hoo is defined in the form 



3 



J2Cij(^alaj+a}a?j , (19) 



(14) with the coupling-terms C13 = C31 = C23 = C32 = 1, 



and C12 = C21 = exp 
V2 



2e 



2^2 



(20) 



By inserting the mean atom-cavity couplings from the 
asymptotic Hamiltonian (19) into the effective Hamilto- 



nian (15), we obtain the mean Hamiltonian in the form 



Hm = 



k=l 



(21) 
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where g = go e~^^/^^^ is the mean atom-cavity couphng, 
and where we assumed that distances d and £ are adjusted 
such that Ci2 = C21 = 1. In an appropriate interaction 
picture, furthermore, the mean Hamiltonian (21) can be 
expressed in the simplified form 



).9rF{t„0J5) 



(a) 



hJ 



i=l 



(22) 



which coincides with the isotropic Heisenberg XY inter- 
action Hamiltonian with periodic boundary conditions, 
i.e., erf = erf and = (j\ [43 , and where J = g'^/A is 
the coupling between three spins. This coupling, more- 
over, can be positive or negative depending on the sign 
of the atom-cavity detuning A [see Fig. |3jc)]. 

To summarize this section, we calculated first the effec- 
tive Hamiltonian (15) starting from Eqs. ([lO|, ( pTj ) with 
help of the adiabatic elimination procedure. Secondly, we 
obtained the mean values of atom-cavity couplings from 
the asymptotic Hamiltonian (19) and derived the mean 



Hamiltonian (22). We stress, moreover, that the ansatz 



( 11 ) is based on those composite atomic states from group 



(Ti) which involve one single excitation. It can be shown, 
however, that Hamiltonian (22) preserves the number of 



excitations in the system and it describes correctly the 
atomic evolution that is based on the composite atomic 
states from groups (i), (iii), and (iv). 



Dynamics of Heisenberg XY model and 
purification protocol 



In the previous subsection, we identified the cavity- 
mediated evolution of an atomic triplet with the evo- 
lution of three spins which interact by means of the 
isotropic Heisenberg XY Hamiltonian with periodic 
boundary conditions. In the framework of cavity QED, 
therefore, the purification gate that is required for our 
scheme can be deterministically realized by coupling an 
atomic triplet to the same (detuned) cavity mode for a 
predefined time period. In this section, we shall analyze 
the evolution governed by the Heisenberg XY Hamilto- 
nian (22) and determine its properties along with neces- 



sary operational times. 

Earlier we explained that right before each atomic pair 
from node A enters the cavity, it becomes entangled pair- 
wise with another atomic pair from node B as depicted 
in Fig. (sja) by wavy lines. We denote two conveyed pairs 
of atoms in the nodes A and B with labels 1, 2 and 4, 5, 
respectively, while the stationary atoms are labeled by 
3 and 6, respectively. By this notation, the conveyed 
atomic pairs are described by the density operators ^ 

and pj^, while the pair of stationary atoms is described 




FIG. 5. (Color online) (a) Fidelity F(t, 0.75) as a function 
of operational time to with fixed input fidelity / = 0.75. (b) 
Fidelity F{T, f) (solid curve) as a function of input fidelity 
/ with fixed operational time given by Eq. (33). Behavior of 
Eq. (l3| (dashed curve) obtained in the conventional (CNOT- 
basedj purification protocol after one purification round. Fi- 
delity (dot-dashed curve) obtained after two (successful) pu- 
rification steps using the scheme C from Ref. [l6^ (see dis- 
cussions in the text), (c) Fidelity F(T, /, f') as a function of 
input fidelities / and f associated with the conveyed atomic 
pairs and the stationary atomic pai r, respectively, with the 
operational time T given by Eq. (33). 



9 



by the density operator p^',^, and where 



ABI 



1 

1 

71 



(|0a,0b) + |1a,1b)), (23a) 
(|0a,1b) + |1a,0b)). (23b) 



Since each purification round should lead to a grad- 
ual growth of entanglement fidelity (for the stationary 
atoms), we distinguish the initial fidelities / of conveyed 
atomic pairs from the fidelity f of stationary atoms. 
The evolution associated with the Hamiltonian (22), 



Ui(t) 



^ Eu t 



k=l 



\k){k\, (24) 



is completely determined by the energies and vectors 
\k) given in the cavity-active basis {|0), |e)}, which sat- 
isfy the equality Hi\k) = \k) with orthogonality and 
completeness relations {k\k') = 5kk' and ^\k){k\ = /, 
respectively. This eigenvalue problem has been exactly 
solved with help of the Jordan- Wigner transformation 
j44] and its respective solutions have been presented in 
the literature (see, for instance, Ref. [45 ). Since the 
evolution operator (24) acts on the states of one atomic 



triplet that is pairwise entangled with another atomic 
triplet (in the neighboring node), we have to consider 
the composite evolution operator 

8 

U{t)= e-^^^'+^^'^'\kA^k'B){kA^k'Bl (25) 

k,k' = l 

According to this evolution operator, the state of both 
atomic triplets in nodes A and B is described by the six- 
qubit density operator 

p'-'^it, f, /') = U{t) (^pY ® pf ® (26) 

where the states of each atomic triplet have been coher- 
ently mapped from the qubit-storage basis {|0), |1)} to 
the cavity-active basis {|0), |e)} by means of the laser 
beam L\ (I/4). 

Recall that in order to finalize one purification round, 
we map back the states of both atomic triplets from 
the cavity-active basis {|0), |e)} to the qubit-storage ba- 
sis {|0), |1)} and measure destructively both (conveyed) 
atomic pairs once they leave their cavities. This implies 
that after an evolution time t = to, during which the 
atoms evolved due to cavity-mediated interaction and 



that is followed by the mapping {|0), |e)} {|0), |1)}, 
the state of both atomic triplets in nodes A and B is 
described by the density operator 



64 



-1-6 



(to,/,/)= E P--'(^o,/,/0|V.)(V,|, (27) 



where the composite six-qubit vectors |Vi) are given 
in the computational (qubit-storage) basis {|0), |1)} and 
satisfy the orthogonality and completeness relations 
(V^|Vj) = and X1|V^)(V^| = /, respectively. Once 
both (conveyed) atomic pairs leave their cavities, the de- 
structive measurements of their states is performed and 
the whole sequence of steps leads to the density operator 
and the probability of success, 

p'^\t.JJ') = ''t^'l'l'P |V.)(V,|, (28) 



^succ(^0 7 /O — Tr 



ucc (to,/,/') 

E'^i/(*0'/'/')|Va)(V^I 

q;,/3 



that describes only the state of stationary atoms, and 
where the Greek indices run over four values n,^2,^3,U 
or ji,j2,j3,j4 such that |Vc,) = (Oi, I2, O4, IslV^,) ^ 
or |Va) = (li, O2, 14, OsIVq;) 7^ 0, respectively. As we 
shall see below, one of the two outcomes (of projective 
measurements). 



{01,12,04,15} or {11,02,14,05}. 



(29) 



is the necessary condition to complete successfully one 
purification round and increase the entanglement fidelity 
associated with the stationary atoms. 



According to the six-qubit density operator (26), 



we have routinely computed the matrix elements 
Pc^^i^o^ /' f) which, however, are rather bulky to be dis- 
played here. The first relevant result we obtain with help 
of these matrix elements is that the density operator ( 28 ) 
preserves the diagonal form in the Bell basis. 



(*3"6 + *36 + *3"6) • (30) 



Unlike the conventional purification protocol, therefore, 
the purified state ( 30 ) is a Werner state that is completely 
characterized by the fidelity F (p^'^) = F(to, /, /'), where 

the functions F{to,f) = F(to,/,/) and Psucc(^o,/) = 
Psucc(^o, /, /) have the form 



^ / - 38/^ - 8 + 8(1 - 5/ + 4/^) cos(6 Jto) - 12/(4/ - 1) cos(12 Jtp) 

^ °' 34/ - 32/2 _ 47 ^ 16(1 _ 5j ^ 4J2) cos(6 Jto) - 4(2/ + 8/2 - 1) cos(12 J to) ' ^ ^ 

3(^0, /) = (1 + 2/) [47 - 34/ + 32 f - 16(1 - 5/ + 4/^) cos(6 Jto) + 4(2/ + 8/^ - 1) cos(12 Jto)] /972 . (32) 



I 

In Fig. ^a), we display F(to, /) as a function of to for the input fidelity / = 0.75. It is clearly seen that after 
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the time interval to = T that satisfies (n = 0, 1, 2, . . .), 

1 



JT= - \ n , 

3 V 2 



(33) 



this fidelity reaches its maximum value = 0.827. This 
equality, therefore, sets the operational time that is re- 
quired for execution of the purification gate and which 
makes the output fidelity F(T, /) increase with regard 
to its input value /. Corresponding to this operational 
time, furthermore, the fidelities F(T, /, and F(T, /) 
along with the success probabilities Psucc{T^ f) and 
Psucc{T,f) take the following simplified form. 



FiT,f,n = 



/'(12/ + 236/2-5)-16(/-l) 



F{T,f) 

-PsUCc(^7 flf)~ 



59 +(12 - 64/')/ -4(5 -64/0/2' 
16 -53/ + 118/2 



59 - 106/ + 128/2 ' 
59 + (12 - 64/0/ + 4(-5 + 64f )/2 
972 



(34) 



PsucciT, /) = (59 + 12 / - 84 f + 256 f)/972 . (35) 

The first two expressions describe quantitatively how 
the input fidelity of stationary atoms is modified due 
to one single (and successful) round of our purification 
scheme. In Fig. jsj^b), we compare the fidelity F(T, /) 
(solid curve) with the fidelity given by Eq. ^ (dashed 
curve) that is obtained due to a single successful purifica- 
tion round in the conventional (CNOT-based) protocol. 
This comparison shows that the increase of fidelity in our 
scheme is almost twice as large as for the conventional 
protocol. This nice result, however, originates merely 
from the fact that our scheme requires one extra qubit 
pair for a single purification round. Being measured right 
after the first pair, this extra pair leads to a stronger en- 
tanglement distillation of the stationary atoms in the case 
of successful purification. 

In order to motivate the latter conclusion, recall that 
we considered the purification sequence displayed in 
Fig. H] that fits perfectly our experimental setup from 
Fig. [3j In fact, this sequence is similar to scheme C of 
W. Diir and co-authors, as presented in Ref. [46 , using 
CNOT gates and freshly prepared entangled pairs for ev- 
ery single purification step (so-called entanglement pump- 
ing). In this (CNOT-based) scheme, therefore, the num- 
ber of atomic pairs required for two purification rounds 
(one permanent pair and two successive temporary pairs) 
coincides with the number of atomic pairs as required 
for one single purifications round in our scheme. For 
this equal amount of atomic resources, we plotted in 
Fig. [sjb) the fidelity (dot-dashed curve) obtained after 
two (successful) purification rounds using the scheme 
C by W. Diir and co-authors. It is clearly seen that 
this fidelity deviates only slightly from the fidelity (solid 
curve) obtained after one single purification round in our 
scheme. 

Apparently, our purification scheme is useful only if 
each round leads to a gradual growth of entanglement 



fidelity (of yjr stationary atoms) with regard to the re- 
spective fidelity obtained in the previous round, i.e., 

/ < Fi(T, /, f) < F2(T, /, Fi) < . . . < F,(T, /, F,_i). 

(36) 

In Fig. [sjc), we displayed the output fidelity F(T, /, /^) 
obtained for one single and successful purification round. 
This fidelity exhibits growth for (one and the same) in- 
put fidelity / of the conveyed atomic pairs and (growing) 
fidelity = Fn-i(T, /, Fn-2) of the stationary atomic 
pair, which was obtained in the previous purification 
round. The behavior of output fidelity Fn(T, /, F^-i) 
that is obtained in the n-th purification round, there- 
fore, is in agreement with the sequence (36) and ensures 



that each successful round leads to a gradual growth of 
fidelity. 

The last relevant result of this section is the following 
property of the density operator (30) (m = 0, 1, 2, . . .), 



(37) 



In the case of an unsuccessful purification event, this 
property plays the key role in the restoration of the out- 
put fidelity to the value obtained in the previous (suc- 
cessful) purification round. Recall that after execution 
of the purification gate, we utilize non-destructive mea- 
surements of atomic states from the chain in order to 
probe their states and communicate the result to the 
neighboring repeater node. If the outcome of both (non- 
destructive) measurements do not coincide with the ex- 
pressions (29), the restoration is performed by switching 



on the cavity-mediated evolution one more time after the 
purification gate and the non-destructive measurements. 
Due to Eq. (37), the operational time of this additional 
evolution is set to (myr/J — T), such that the quantum 
state of the stationary atomic pair returns to its initial 
state pj/^. The latter evolution restores the initial state 
of the stationary atoms in each of the repeater nodes and, 
as a consequence, the entanglement fidelity that was ob- 
tained in the previous (successful) purification round. 



D. Remarks on the entanglement distribution 
between stationary atomic qubits 



Recall that right before each atomic pair from node 
A enters the cavity, it becomes entangled (pairwise) with 
another atomic pair from node B, such that the conveyed 
atomic pairs are described by the density operators ^ 

and pj^. We assumed, moreover, that the pair of sta- 
tionary atoms is initially described by the density opera- 
tor pj/^, however, without explaining how this entangled 
state is initially created. 

In this section, we suggest that there is no need to in- 
troduce an additional entanglement distribution device 
in our experimental setup in order to entangle station- 
ary atoms prior to the purification rounds. Instead, we 
prepare initially two atoms in the product state Pq'^ = 
IO3, 06)(03, Oel and start our purification protocol. It can 
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be shown that the first successful round transforms the 
above product state into an entangled state described by 



Bif) (M/+ 



3,6 



D{f) {\4>t6) 



'^3,61 



*3".6)- 
'3,6>(</'3,6l) 



C(/)*3,6 

(38) 



being off-diagonal in the Bell basis with A{f) = / > 1/2, 
such that F(p^'^) > F(po'^). 

Obviously, the above state is no longer a Werner state 
like in Eq. ([30|. We verified, however, that the func- 
tion D{f)^ which describes off-diagonal contributions, 
becomes negligibly small after a few successful rounds. 
Therefore, we succeed to entangle remotely two station- 
ary atoms by means of local (in each repeater node) in- 
teractions, such that the input fidelity / of the conveyed 
atomic pairs is mapped (almost) completely to the output 
fidelity of the stationary atomic pair. The output fidelity 
A{f) = /, plays the role of the input fidelity f for the 
next purification round and leads to a gradual growth 
of entanglement fidelity in agreement with the sequence 
(36). We have verified, moreover, that the output fideli- 



ties due to the initial state (38) coincide (almost) with 
the output fidelities Fn{T^ /, F^_i) due to the state (30). 



The price we pay for one extra (successful) purification 
round prior to the main sequence of rounds, therefore, is 
efficiently compensated by a more moderate demand of 
physical resources in our purification scheme. 



E. Saturation of entanglement purification and 
optimal number of rounds 

Recall that instead of the sequence from FigJT] we 
considered a modified sequence displayed in Fig. |4jsimi- 
lar to the scheme C that was proposed and discussed by 
W. Diir and co-authors with help of CNOT gates [46l. 
Using this scheme, it has been pointed out that regard- 
less of the number of (successful) purification rounds, the 
final fidelity is bounded by a fixed point that is smaller 
than the respective point due to the sequence from Fig.[l] 
Similarly, the final fidelity Fn{T, /, F^-i) that is obtained 
at the end of sequence ([36| is also bounded by a fixed 
point in our scheme. In this section, we shall refer to this 
property as the saturation of entanglement purification 
and we will calculate the optimal number of (successful) 
purification rounds that is required to reach closely this 
fixed point in a resource-efficient way. 

While the sequence ( 36 ) displays the gradual growth of 



entanglement fidelity, we still have to analyze this growth 
quantitatively in order to understand how much the out- 
put fidelity increases with each purification round. For 
this purpose, we shall consider the following sequence, 

/< Fi (T, /,/)<...< (T, /, ) = / + F(/, n) . 

(39) 

In Fig.|6[a), we show the function F(/, n) that describes 
the difference between the final fidelity F^iT^ /, F^_i) af- 
ter n (successful) rounds and the initial fidelity f {n = 




0.6 0.7 0.8 



FIG. 6. (Color online) Behavior of (a) F(/, n) and (b) F(/, n) 
as functions of input fidelity / and number n of purification 
rounds, (c) Final fidelity F(f,n) + / as a function of initial 
fidelity / with fixed numbers: n = 4 (solid curve) and n = 1 
(dashed curve) of purification rounds. 



0). It is clearly seen that during the first four success- 
ful rounds, this function exhibits a notably fast growth 
which, however, saturates afterwards and yields a rather 
minor increase with regard to the fidelity F/^iT^ f-,F^). 

In order to estimate the relative growth of fidelity that 
is obtained with each purification round, in Fig. p[b) we 
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display the function 

n) = FniT, /, Fn-i) - Fn-i{T, /, Fn-2) , (40) 

where Fq = f. This function shows quantitatively how 
much the output fidelity increases with each purification 
round in dependence upon both the input fidelity / and 
the number of rounds n. This time it is clearly seen that 
the relative growth of fidelity has its maximum for / = 
0.75 and it mostly vanishes after six successive rounds 
for all values of /. In dependence upon the input fidelity 
/, therefore, the surface from Fig. [6jb) enables one to 
determine the optimal number of (successful) purification 
rounds n / that is required to reach closely the fixed point 
given by F(/,n/) + /. 

Corresponding to n = 4 purification rounds, for which 
the final fidelity reaches its saturation level, in Fig. [6]^c), 
we display the fidelity F(/, n) + / for n = 4 rounds (solid 
curve) and the fidelity obtained for n = 1 round (dashed 
curve). By comparing these two curves, we conclude that 
the increase of final fidelity due to four successive rounds 
is notably larger if compared to the case of one single 
purification round. We stress, finally, that W. Diir and 
co-authors have demonstrated in Ref. [46 that errors and 
faulty quantum operations may lead to a situation, in 
which the fixed point in scheme C oversteps the respec- 
tive fixed point of the conventional protocol based on the 
sequence from Fig. [T] We expect that a similar behavior 
may exist in our scheme as well, however, this analysis is 
beyond the scope of the present paper. 

III. REMARKS ON THE IMPLEMENTATION 
OF OUR PURIFICATION SCHEME 

In our purification scheme, short chains of two atoms 
(in each repeater node) have to be transported with a 
constant velocity along the experimental setup and cou- 
pled to the cavity field in a well controllable fashion. 
For this purpose, two basic devices are required to store 
the atoms and transport them coherently into the cavity, 
namely, (i) a magneto-optical trap (MOT) that plays the 
role of an atomic source and (ii) an optical lattice (con- 
veyor belt) that transports atoms into the cavity from 
the MOT with a certain position and velocity control 
over the atomic motion. These two tools, combined with 
a high-finesse optical cavity in the same experimental 
setup [47-49 , enable one to store initiated atoms in the 
MOT and insert them into the optical lattice for further 
transportation through the cavity. It has been experi- 
mentally demonstrated that an optical lattice preserves 
the coherence of transported atoms and can be utilized 
as a holder of a quantum register. Moreover, by encoding 
the quantum information by means of hyperfine atomic 
levels, a storage time of the order of seconds has been 
reported in Refs. [38l[50]. The number-locked insertion 
technique [51], furthermore, allows to extract atoms from 
the MOT and insert a predefined pattern of them into an 
optical lattice with a single-site precision. 



Let us recall that in order to counteract the unsuccess- 
ful purification events, we introduced in our scheme non- 
destructive measurements of atomic states which are per- 
formed during the transition of each atomic pair through 
the cavity. In our experimental setup, these measure- 
ments are realized with help of a probe laser beam L2 
(L5), which is tuned to the cavity resonant frequency, 
and a detector Di {D2) to monitor the transmission of 
this probe laser. The mechanism of non-destructive state 
detection is based on the suppression of cavity transmis- 
sion that arises due to the strong atom-cavity coupling. 
Remember that each atom in our scheme is a three-level 
atom in the A-type configuration [see Fig. |3|c)], where 
only the states |0) and |e) are coupled to the cavity field. 
Apparently, if one such atom prepared in the state |0) 
is inserted into a cavity that is sufficiently detuned from 
the atomic |0) ^ |e) transition frequency, then the cavity 
transmission drops in dependence upon the atom-cavity 
detuning and atom-cavity coupling. On the other hand, 
the cavity transmission remains unaffected if an atom 
prepared in the state |1) is inserted into the cavity. 

Once sufficiently many readouts of the cavity trans- 
mission are recorded, the above-described mechanism en- 
ables one to determine (non-destructively) the state of a 
single atom with good efficiency [39]. Since the atom- 
cavity coupling increases proportionally with the num- 
ber of inserted atoms, the same mechanism allows also 
to distinguish three composite atomic states: (i) |0,0), 
(ii) |0, 1) or |1,0), and (iii) |1,1) of two atoms which 
are coupled to the cavity [40]. The latter situation with 
two atoms coupled to the same cavity mode and (probe) 
laser field, however, might introduce an undesirable in- 
teraction between the atoms. In practice, this technique 
is merely limited by the rate of inelastic Raman scatter- 
ing induced by the probe laser, causing random |0) ^ |1) 
jumps. Apart from this major limitation, moreover, the 
motion of atoms due to the conveyor belt and atomic 
thermal motion lead together to a weaker atom-cavity 
coupling and, therefore, to a notable degradation of the 
total detection efficiency. 

An alternative (non-destructive) detection scheme, 
based on cavity transmission and fitting nicely our ex- 
perimental setup, has been proposed in Ref. [52]. Simi- 
lar to the previous scheme, this approach utilizes three- 
level atom(s) which are inserted into a detuned optical 
resonator, such that the atomic state |1) is decoupled 
from the cavity field. In this scheme, however, the field 
produced by the probe laser is transmitted through the 
coupled atom-cavity system and measured by means of 
homodyne detection. This homodyne detection reveals 
changes of phase of the transmitted field, where the re- 
spective phase shift is proportional to the number of 
atoms prepared in the state |0). Once two (or more) 
atoms are coupled to the cavity, this scheme exhibits the 
same problem as the previous one, i.e., an undesirable 
interaction between the atoms might occur. 
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IV. SUMMARY AND DISCUSSION 

In this paper, an experimentally feasible scheme was 
proposed to purify dynamically entanglement of two 
atoms which are trapped in two remote optical cavi- 
ties. Our scheme utilizes chains of low-fidelity entangled 
atomic pairs which are coupled sequentially to both re- 
mote optical cavities. In contrast to conventional purifi- 
cation protocols, we avoid CNOT gates and hence reduce 
the need for complicated pulse sequences and superfiuous 
qubit operations. Our purification mechanism exploits: 
(i) cavity-mediated interactions between atoms produc- 
ing Heisenberg XY evolutions governed by the Hamilto- 
nian (22) and (ii) both destructive and non-destructive 



measurements of atomic states. The latter enable one to 
counteract unsuccessful purification events and to imple- 
ment our scheme in a resource- and time-efficient way. A 
detailed experimental setup was proposed in Fig. |3] and 
a complete description of all necessary steps and manip- 
ulations was provided. A comprehensive analysis of the 
fidelity obtained after multiple purification rounds was 
performed and the optimal number of rounds was de- 
termined by means of Fig. |6] Following recent develop- 
ments in cavity QED, moreover, we briefiy pointed to 
and discussed a few practical issues related to the im- 
plementation of our purification scheme, including the 
main limitations which may arise on the experimental 
side. We stress that although the proposed purification 
scheme is experimentally feasible, its complete realiza- 
tion (including non-destructive state measurements) still 
poses a serious challenge. 

Being the most delicate and cumbersome part of a 
quantum repeater, entanglement purification as proposed 
in this paper opens a route towards practical implemen- 
tations of resource- and time-efficient quantum repeaters 
for long-distance quantum communication using chains 
of atoms and optical resonators. In our experimental 
setup, each atom from node A is assumed to become 
entangled with another atom from node B right before 
they enter their respective cavities. This entanglement is 
generated (non-locally) with help of an entanglement dis- 
tribution block as indicated in Fig. [sj^a) by a rectangle. 
Since we consider only atoms and optical resonators as 
the physical resources for our repeater protocol, we sug- 
gest for entanglement distribution the scheme proposed 
in Ref. [26^ that allows to entangle non-locally two (three- 
level) atoms in neighboring repeater nodes. 

By this scheme, a coherent-state light pulse interacts 
with the first coupled atom-cavity system in node A, such 
that the optical field accumulates a phase conditioned 
upon the atomic state. After this, the light pulse prop- 
agates to repeater node B, where it interacts with the 



second coupled atom-cavity system and accumulates an- 
other phase conditioned upon the state of the atom lo- 
cated in this node. Finally, the phase-rotated coherent 
state is measured via homodyne detection and an entan- 
gled state is non-locally generated through postselection 
between the atoms belonging to repeater nodes. The 
controlled phase rotation required for this scheme can be 
realized by means of a dispersive interaction of a single 
atom coupled to a high-finesse cavity in each repeater 
node. A detailed inclusion of this entanglement distri- 
bution scheme into our experimental setup is beyond the 
scope of this paper and will be subject of our next work. 

In a recent paper by K. Maruyama and F. Nori [53] , 
a purification mechanism similar to ours and based on 
the natural dynamics of spin chains has been proposed. 
In contrast to our approach, however, the purification 
mechanism of that reference exploits the Heisenberg XYZ 
model with open boundary conditions which cannot be 
straightforwardly realized in the framework of cavity 
QED. Although the time behavior of our output fidelity 
F(t, /) is different from the respective time behavior 
found by K. Maruyama and F. Nori (compare Fig. [sja) 
with Fig. 3 from Ref. [53]), the Heisenberg XYZ dynam- 
ics leads to the same expression ( 34 ) for a properly chosen 



interaction time. Apart from the simplified Hamiltonian 
utilized in our work, perfectly adapted to the cavity QED 
framework, the operational time that is required for one 
purification gate in our scheme is three times faster com- 
pared to the Heisenberg XYZ-based dynamics employed 
by K. Maruyama and F. Nori. 

Finally, we would like to mention Ref. [54 by A. Casac- 
cino and co-authors in which an entanglement purifica- 
tion protocol based on the Heisenberg XY interaction has 
also been considered. In contrast to our scheme and the 
scheme of K. Maruyama and F. Nori, however, in that 
reference an abstract approach based on the spin dynam- 
ics on networks of various topologies has been analyzed. 
Using this general approach, the authors concluded that 
the maximum efficiency of entanglement purification is 
obtained only by means of networks with no isolated 
nodes. The requirement of no isolated nodes corresponds 
to the periodic boundary conditions in our approach [see 
Eq. (22)] and, therefore, we confirmed in our paper the 
main standpoints of A. Casaccino and co-authors from a 
particular point of view using cavity QED settings. 
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